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INTEGRAL CALCULUS AND ITS APPLICATIONS

Ten mark questions:

1. Find the area between the curves y = x>—x —2, x-axis and the lines x =—2 and x = 4
Solution :
y = XX 2
=x+1) (x—2)
This curve intersects x-axisat x =—1 and x =2
Required area = A1 + A2 + A3
The part A2 lies below x-axis.
A= _f_zl y dx
Hence required area

-1 2 4
A=[_ydx + [[(=y)dx + [, ydx

=f__21(x2 —x- 2)dx + f_zl— (x?—x-2)dx + f;(x2 —x - 2)dx

= 15 sq. units
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2. Find the area between the line y=x + 1 and the curve y = x*-1.
Solution :
To get the points of intersection of the curves we should solve the equations

y=x+1 andy=x*1.
weget, x-1=x+1
X>x-2=0
=(x-2)(x+1)=0
Jx=—lorx=2
.".The line intersects the curve at x =—1 and x = 2.

P
X

Below :y =x2 -1
Required area = ff{f(x) [above] — g(x)[below]} dx
= J2,[0c+ 1) =0¢-2)]dx

= [1[2 +x + x?] dx
B X2 %312
=2+ 5 - 5]

8 1 1
=[4+2-]-[-2+5+7]

9 :
=7 sq.units
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3. Find the area bounded by the curve y = x*and the line y = x.

Solution :

The line y = x lies above the curve y = x* in the first quadrant and

y = x° lies above the line y = x in the third quadrant. To get the points of
intersection, solve the curvesy = X3, y = x =x* = x . We get x = {0, =1}

The required area = A+ A2 = [ [g(x) — f()]dx + [[f(x)- g(x)] dx

= [P % —x)dx + [ (x — x*) dx
-1 0

ot »210 2 41!

=[5 - 7]_1+ 5 —:]0

~(0-9- (-9 + -0 - ¢-0)

1,01 1 1
=2t tiTa
1 ,

=> sq.units
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4. Find the area of the region enclosed by y* = x and y = x —2

Solution :

The points of intersection of the parabola y* = x and the line y=x-2 are (1, -1)

and (4, 2)
A
x =y?
(4,2)
> X
y =x-2
(1,-1

To compute the region [shown in figure ] by integrating with respect to x, we would have
to split the region into two parts, because the equation of the lower boundary changes
at x = 1. However if we integrate with respect to y no splitting is necessary.

Required area = [* [f(y) — g(») ] dy

_ (2 2 _[»? y*1?
=2l +2) — y?ldy =[> + 2y — g]_l

oY wen s (4
:%+_§ :g sq.units
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5. Find the area of the region common to the circle x? + y? = 16 and the parabola y* = 6x
Solution :
The points of intersection of x> + y* = 16 and y*= 6x are (2, 2+/3)and (2, —2V?3)

Required area is OABC Due to symmetrical property,

The required area OABC =2 OBC

i.e., 2{[Area bounded by y* = 6x,x = 0, x = 2 and x-axis] + [Area
bounded by x*+ y? = 16, x = 2, x = 4and x-axis]}

Required area = 2 fOZ\/6x dx + 2 f24\/16 — x% dx

x3/2 2 x 2 x 1%
=2V6 [S] +2 [FVP =27 +Lsin ()],

3/21,

=2E oViz+en - %

= % (4 ++/3) sq.units.

6. Compute the area between the curve y = sin x and y = cosx and the lines x = 0
andx=m
Solution :
To find the points of intersection solve the two equations.

Sin X = cos X =— => x=~
B vz T T

. 1 5t
= = - —=> X= —
Sin X = cos X 5 X=
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]

| /4 /2

From the figure we see that cos x > sin x for 0 <x <%and sin x > cos x for
Lex<m
4

. _ /4 . T .
SArea A=[""(cos x dx - sinx dx) + fn/4(smx - cosx)dx

/4

. T . T
= [sinx + cosx ], + [(—cosx - smx]n/4

= (sin %+cos %)- (sin0+cos0) + (-cosm — sinm) — (—cos % sin % )

1 1 11
= (ﬁ + \/—7) - (0 +10 +(1-0) ( 7z ﬁ)
= 2v/2 sg.units .

2 2
7. Find the area of the region bounded by the eIIipseZ—2 + Z—Z =1

Solution :
The curve is symmetric about both axes.

y =(b/a) V(@ - %)
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.. Area of the ellipse = 4 X Area of the ellipse in the | quadrant.
A=4 foa y dx

=4 ("2 Va7 =X dx
=20 o T =57 dx

2 a
= ﬂ[5\/&2 —x2 + a?sin‘l(z)]
0

a L2
2
=2 [0+ <sin~! (1)- O]
= mab sq.units.

8. Find the area of the curve y* = (x —5)? (x —6)(i) between x =5 and x = 6
(ii) betweenx =6 and x =7

Solution :
(i) y* = (x -5) (x —6)
Sy=(x-5)x-6

This curve cuts the x-axisatx =5and atx =6

When x takes any value between 5 and 6, y° is negative.
.".The curve does not exist in the interval 5 <x < 6.

Hence the area between the curve at x =5 and x = 6 is zero

(ii) Required area = f: y dx

= 2f67(x —5x — 6dx
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(Since the curve is symmetrical about x- axis )

Take t=x—-6
dt = dx
X 6 7
t O 1

=2 [ (¢t +1) dx
=2 [[(t32 + tV/?) dt

_, [t5/2 (17211

5/2 3/21,

2(5+3)

_ of6+10\ _ 32 .
= 2(—15 ) =1 50 units

9. Find the area of the loop of the curve 3ay? = x(x —a)?
Solution :
Puty =0 ;wegetx=0,
It meets the x-axisat x =0and x=a
.".Here a loop is formed between the points (0, 0) and (a, 0) about x-axis. Since
the curve is symmetrical about x-axis, the area of the loop is twice the area of
the portion above the x-axis.

y
A

a,0)
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Required area = 2 foa y dx

_ o (2Yx(x-a)
—-Zfo i dx

— - L -avE ] i

__2 [ExS/z _ 2_ax3/2]“
Vv3a L5 3 0

_ 8a?

T 15v3

__ 8V3a?

T 45

. 8v/3a? .
Required area = - SQ. units

10. Find the area bounded by x-axis and an arch of the cycloid x = a (2t —sin 2t),
y =a (1 —cos 2t)
Solution :
The curves crosses x-axis when 'y = 0.

S.a(l —cos2t)=0
J.cos2t=1;2t=2nm, N €2
St=0,m2m, -
.".0One arch of the curve lies between 0 and

Required area = ff y dx
= J, a(1—cos 2t) 2a (1 —cos 2t) dt
y =a(l —cos2t) ; x=a (2t —sin 2t)
dx = 2a(1 —cos 2t) dt

=2a’[ (1 — cos2t)? dt
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=8a’[ sin*tdt

=2 X 8a? foﬂ/z sin*t dt (fozaf(x) dx = 2 foa f(x)dx)

SO

=3 ma? sq.units

11. Find the area of the region bounded by the curve y = 3x? - x and the x- axis
betweenx =-land x =1

Solution:
Draw the parabola y = 3x?— x

It is open upward and meets the x- axis at x =0 and x = 1/3 (put x=0)
The required area is the combination of three pieces. They are
(i)Bounded by the curve , x = -1, x=0 and x-axis . it lies above x-axis and area of

this part is f_oly dx
(ii)Bounded by the curve , x =0, x= 1/3 and x- axis . it lies below x-axis and
hence the area of this part is fol/ 3(—y)dy

(ili)Bounded by the curve , x= 1/3 , x=1 and x-axis . it lies above x-axis and hence
the area of this part is f11/3 ydx

Sum of the three parts = f_ol(3x2 - x)dx+ f01/3(x — 3x¥)dy +f11/3(3x2 -x) dx

=|x + X + |x
[ 214 2 0 2113
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1

1 11 1 1
=lo-c1-3)+lG -p-o + [a-9- G -
= — sq.units

2 2
12. Find the area of the region bounded by the ellipse % + y? = 1 between the

two latus rectums.
Solution:

Equations of the latus rectums are x = + ae

2
a’=9, b*=5 =>e= /1—b—2=3
a 3

ae=2

Thus the equations of L.R are x = +2 . The required area is bounded by the
ellipse andx=-2,x=2

Since the curve is symmetrical about both axes, the required area is 4 times

2 2
the area in the first quadrant. L.e., the area bounded by the curve % + y? =1lor

y=—5 9 — x%2 ,x=0,x=2 and x-axis.
3

Required area = 4 foz y dx
=28 Vo= 2 dx

WS 577 4 2einth |
= [2 9 —x +251n (3)]0

=22 W5+ 3sin ()]
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13. Find the area of the region bounded by the parabola y? = 4x and the line
2x —y =4, y
Solution:
To find the limits solve the two equations
i.e.y? = 4x and2x -y = 4.
ie, y=-2,4

Tm-y=d

(
X
y=-2 [N
/\ gmix

Note that , it is difficult to find the required area by using x-axis. Use y-axis to find
the area

Required area = ffz(xl_ x;) dy

Again note that the line 2x —y = 4 gives the maximum area with the y-axis
when compare with the parabola and hence consider the line as first curve and the
parabola as the second curve.

i.e., x; means x from the line.

X, means x from the parabola.
A= f [y+4— ] dy
4
-5+ ) - %L
-G+ 1) - T EG-8)+
=9 sq.units.

14. Find the common area enclosed by the parabolas 4y® = 9x and 3x? = 16y\
Solution:
Solving the equations 4y?= 9x and 3x2= 16y, we get the point of

intersections as (0,0) and (4,3)
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[note: we can solve this problem either by using x-axis (i.e.,x = 0, x = 4) or by y-axis,
4y?%=9x gives the maximum area and 3x?= 16y gives the minimum area.thus

W.r. to x-axis 4y?= 9x is the first curve and 3x%= 16y is the second curve. but if we
take y-axis as axis of bondedness, 3x2= 16y is the first curve and 4y?=9x is

the second curve.

We solve this by using x-axis.
, 4
Required area = [ '(y; — ¥,) dx
= (B2 - 242
_fo [zx 2T ]dx

4
3 3
= [x/Z—x—

161

=(8-4) -0 =4 sq.units.

Note: the integral using y — axis is fog(xl —x,)dy
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15. Derive the formula for the volume of a right circular cone with
radius ‘#’and height ‘4"
Solution:

YA (h.]'.).

(0, 0

To find the volume of the cone with base radius r and height h, revolve the area

of a triangle whose vertices are (0,0), (h,r)isy = %x

..The volume of the cone is obtained by revolving the area bounded by

T . .
y=ox x= 0, x = h and x-axis, about x-axis.
e, V=m) y*dx
h Tz 2
=nfy zy*dx
mr 2 [x3]h
hZz 131y

2 3
nr“ [h 1 .
=— [—] ==rtr3h cub.units
h2 L3 3
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16. Find the length of the curve 4y” = x® between x = 0 and x = 1
Solution:

y
A
4y? =x3

x =1

> x

4y2 — X3

Differentiating with respect to x

dy 2
8y— =3x
ydx
dy _3x?
dx_8y

d 9x4
J1 + () =J1 +64"7

9x* 9x
—\/1+m _\/1+E

The curve is symmetrical about x-axis.

The required length L = 2f01 1+ (Z—z)z dx

=2 [{ (1 +2)/2dx

9xy3/2 1
1+
-2

0
64 [125 1] 61
27164 T 27
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17. Find the length of the curve (3)2’3 + (%)2’3 =1
Solution :

x =acos> t, y = sin3t is the parametric form of the given asteroid,

where 0<t <27

dx .
—=-3a cos?t sint ;

d .
% = 3a sin®t cost ;

9xv2 4 (D2 = -
(dt) +(dt) = 3a sint cost

y
4
a

> X
-a a

x23 4423 —2h3
-a Astroid

Since the curve is symmetrical about both axes, the total length of the

curve is 4 times the length in the first quadrant.

But t varies from 0 to g in the first quadrant

_ m/Z | dx dy.,
Length of the entire curve = 4 j =)+ ()* dt
0 dt dt

2 .
=4 fon/ 3asintcostdt
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= 6a fon/z sin2 t dt

— 62 [_

co;Zt]Z/z
= -3a[cosmt — cos 0]
=-3a[-1-1]
= 6a

18. Show that the surface area of the solid obtained by revolving the arc of the
Curvey=sinx fromx=0tox = = about x-axis is2 = [V2 + log (1 + v2)]
Solution :

y = sin X
Differentiating with respect to x

1+ (2)? =VI+ cos7x
_— LAY
Surface area = [ 2my |1 + ()% dx

When the area is rotated about the x-axis.

S= fl_l 2wy V1 + cos?x dx

Put t =cos x
dt =-sinxdx

X 0 T
t 1 1
= [ 2nV1 + t2(-dt)

= 4m [ VI + (2 dt

1
=4m[SVT+ 2 + 2 log(t + \/1+t2]o
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=2n[vV2 +log (1 +v2) -0

= 2m[V2 +log (1 +V2)

19. Find the surface area of the solid generated by revolving the cycloid
x=a(t+sint),y=a(l + cos t) about its base (x-axis).
Solution :
y=0=1+cost=0=>cost=-1=>t=—n, =«
x=a(t+sint);y=a(l+cost)

d d .
Z-a(+cost) ; Z=-asint
dt dt

2 o (BN2 = [(q2 21 g2 sinZt) = L
(dt) +(dt) —\/(a (1 + cost)* + a“ sin?t) —2aCOS2

Surface area = ffn 2na(l + cost) 2a coszt dt
= [" 2ma.2 cos? Et .2a cosgt dt
=16ma’® [ cos35t dt
= 16ma? fon/ ?2cos3x dx [Takex = %]
= 32ma’l,
= 32ma? Xg
= 63—4na2 sg.units

20. Find the perimeter of the circle with radius a.
Solution:
Take the circle with the centre as (0,0).

-.the equation of the circle isx? + y? = a?
The perimeter of the length is 4 times the length of the arc

Of the circle in the first quadrant between x=0and x=a
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= 2na

21. Find the length of the curve x = a(t —sin t), y = a(1 —cos t) between
t=0and «.
Solution:

The period of one arcis 2mi.e., 0 to 2m.
..t=0tot =mgives only length of half arc.

U

x = a(t-sin t) =>§ =a(1-cost)

y=a(1l-cos t) =>3—3t' =asint

(Z—:)Z (2—3:)2 = a® [(1 — cos t)? + sin®t]

=2a?(1-cost)
=2a’. Zsinzé

. t
= 4a®sin? >
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JE) + () =2asint

The required length = f:\/(‘;—:)z + (%)2 dt

1
= fon 2a sin= dt
2

cos (£ "

()

=2a'['722
0

= -4a [cos Z _cos O]
2
=43
NOTE: This curve is known as cycloid.

22. Find the surface area of the solid generated by revolving the arc
of the parabola y? = 4ax, bounded by its latus rectum about x-axis.
Solution:

y  x=a
A

0

The required surface area of the solid is obtained by revolving the area bounded
by y2 = 4ax,x =0, x = a and x-axis about x-axis.

Sos=21 foay ,1 + (%)de

y? = 4ax
=>2yy =4a
2a
=>y' = 7
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4q2
1+ (y,)Z =1+ y—z
_ yz+4a2
yZ
_ 4ax+4a?
yZ

y T+ ()7 =y

=2Va.JVx +a

S=2n [' 2va (x + a)/? dx

_ (x+a)3/2]a
= avar |*=2 0

8va
=——[(a)** - a*?]

8a’m

3 [2v2 — 1] sg.units.

23. Prove that the curved surface area of a sphere of radius r
intercepted between two parallel planes at a distance a and b from the centre
of the sphere is 2 = r (b —a) and hence deduct the surface area of the
sphere.(b >a).
Solution:

The required surface area of the solid is obtained by revolving the area bounded by

2

x% + }’2 =r*,Xx=a, X = Db, x-axis, about x-axis.

S=2rtfaby /1+ (3—3;)2 dx
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x> +y%2 =a? =>2x+2yy =0
o X
Y=oy
2 x?
1+ (y) =1+

yAT+O)2=y. =
S=2n f: rdx
= 2mr [x]2
S =2nr (b - a) sg.units.
Deduction: To find the total surface area of the sphere , take the planes x=-randx=r
i.e., instead of a and b take —r and r respectively.

s=2mnr(b-a) = 2nr [r=(-r)] = 4mr? sq.units

Six marks questions:

1.Evaulate fol V9 — 4x? dx

Solution:

JyVo—axZdx = [} 2 (2)2 — x2dx
o[ -1 3] o]
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1v5 09 . 93]_Vv5, 9 .. 12
=2[——+—sm 1—]=—+—sm 1
22 '8 2l 2 T 3

4 ,
2. Evaulate fon/ sin®x sin2x dx

solution
Letsinx=t
Cos x = dt
0 /4
t 0 1N2

B 1
1=4f7¢3 dt =4E]f

sin x dx

/2
3. Evaluate fo/ Yo
cos“Xx

Solution:
| = fn/Z sin x dx
0  94cos?x

letcosx =t

-sin x dx = dt
0 m/2

t 1 0

l_fO —dt
T 132442
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e )]
=- gl{tan‘lo —tan™! (%)}
S

2 d
4. Evaluate [ ——

x245x+6

Solution:

jz dx _]2 dx
L X2 +5x+6 212

2
- [109 (3],
= log % — log%
-ig(t 1)

- 1og(;5)

1 (sin_1)3
5. Evaluate [~ == dx

Solution:

in-1)*
fol (f/fog_ dx

letsintx=t
—L_dx=dt
V1—x2 X=

497 /2
I= foﬂ/z ridt = [t:]o
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2 .
6. Evaluate fon/ sin2x cosx dx

Solution:

(T 9 (Zeocly i
| = [Zsin2x cosx dx =2 [2cos®x.sinx dx
Let t=cosx
dt = -sinx dx

1=2f —¢t?de

¢31°
= '2[?]1

2
=—§m—u

2
3

1 2 x
7.Evaluate [ x*e* dx
Solution:

1
I=J, x*e* dx

Note : This problem can be done by using Bernoulli’s formula instead of integration by
parts.

i.e. [udv =uv — ulv; + ullv, + ultly; .. ...
u=x2u'=2x.u''=2
dv=e,v=e",v;=e";v,=¢"

| = [x%e* — 2xe* + 2e*]}

=[e*(x? — 2x + 2)1}
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= [e(1-2+2)] - [1(2)]
=e-2
. (m/2 .
8. Evaluate : f—n’/Z x sinx dx

Solution:
Let f(x) = x sinx

f(-x) = (-x) sin(-x)

f(x) is a even function .

f::/zz x sinx dx = 2 fon/z x sinx dx

= 2[{x(—cosx)} — fon/ ? (- cosx) dx]
Using the method of integration by parts
= 2[ 0 + fon/z cosx dx]
- : /2
=2[sin x];
=2[1-0]
=2
9.Evaluate fj{jz sin?x dx

Solution:
Let f(x) = sin?x = (sinx)?

f(x) = (sin(-x))?
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= (-sinx)?
= sin®x
= f(x)

~ f(x)is an even function

/2 /2

j sinx dx = 2] sin?x dx

- /2 0
_oy L (/2 _
=2x Jo 7" (1 = cos 2x) dx
_ [ sian]”/Z
=|lx ——

2 1o

=m/2

/2 f (sin x)
10. Evaluate fo F(sin x)+f (cos x) dx

Solution:

_(m/2 f(sin x)
Letl= [ JTEmEr— dx ... (1)

_ fn/Z f (sin (G=x))
0 f(sin(G—x))+f (cos G—x))

_ _ (m/2 f(sin x) + f(cos x)
(1) +(2) => 21 = fO f(sin x)+f (cos x) dx

=f0"/2 dx
=[x

T2
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11. Evaluate folx(l — x)" dx

Solution:
Let 1= [, x(1 — x)" dx
= [ = [ - (1 = )] dx [y F@)dx = [ fla—x)dx]
= (1 —x) x" dx

= fol(x” — x" dx

nnnnnnn

_n+2-(n+1)
- (n+1)(n+2)

1 RN _
oy x(1—x) dx= e

12.E valuate foﬂ/z log(tanx)dx

Solution:
/2
Let|= [ '“log(tanx)dx ..., (1)
— n/2 7
=J, " log (tan..__(2 x)) dx
m/2
= [, "log(cotx)dx .. (2)

(1) +(2) =>21 = fon/z [log(tanx) + log(cotx)] dx

= fon/z [log(tanx) . log(cotx)] dx
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_ foﬂ/z (log 1)dx (log1=0)
=0
5 dx
13. Evaluate f% 1++vcotx
Solution:
_ % dx
= f% 1++y/cot x W
/3___d ’ b
= f:/6 : m (fa f(x)dx = fa f(a + b B x))
1+ cot(E—x)
| = fﬂ/g x__ (2)

m/6 1++/tan x
Adding (1) and (2)

_(m/3 Vsin x vcos x
21 = fﬂ/6 (\/sin x+vcosx  +Jcos x++/sin x) dx

/3
= f:/6 dx

3
=[xI77e

wlS

o lAq

12
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2 .
14. Evaluate fon/ sin3 cos x dx

Solution:
_ T/2 . 3
| = fo sindcosx dx .. (1)
. 3 T
Let f(x) = sin” x .cos x f(a-x) = f(E — x)
= cOs > X .sinX

3x.sinxdx ... (2)

Again | = fon/z cos
Adding (1) and (2)

Vs
21 = [Z sinx cos x(sin“x + cos®x) dx

1 ,m/2 . 1 [—cos 2x]™/?
== sin2xdx = - ]
2f0 2 2 0

1
= -3 [cosm — cos 0]
1
4

2=[-1-1]=;

el B

15. Evaluate ffﬁz cos3x dx
Solution:
_ (/2 3
I _f—r[/Z cos>x dx

Let f(x) = [cos(-x)]® = cos > x = f(x)

31 | BHARATHIDHASANAR MATRIC HIGHER SECONDARY SCHOOL ,ARAKONAM-12""MATHS 6 & 10 MARKS

O A O N N R e e

y
E N B N B N o



O e A O N R e R e e

=~ f(x) is even function.

m/2r3 cosx + cos3 x
.'.I=2j l ]dx
0 4

1 ) sin 3x17/2
=—[3 sin x +—]
2 3 0

2fz-9-

W

2 .
16. Evaluate ffé/z sin®x cos x dx

Solution:

2

n/2 .
I—f_n/zsm x cos x dx

Let f(x) = sin®x cos x
f(-x) = [sin(-x)]z[cos(-x)]
= sin® X .COSX

= f(x)

=~ f(x) is even function

/2 .
N Zfo/ sin®x cos x dx
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=3[1-0]

2
K

17. Evaluate fol log G — 1) dx

Solution:
Letl=f01 log G— 1) dx . (1)

Since foa f(x)dx = foa f(a—x)dx
t1=[log(=—1)dx .. (2)

Adding (1) and (2)
2I=follog(%—x) X (ﬁ—x)dx
= fol log (196;9( X fo)dx
=f01 log 1dx

=[/0dx=0 - =0
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18. Evaluate f03 ﬁfj;Tx

Solution:

(3 Wxdx
|_f0 N (1)

1= [ X dx
0 v3=x./3-(3—x)

3 V3—x
fo \/§+\/ﬂdx r(2)

(1)+(2)=>

3Vx+V/3—x

2= [ N

= f03 dx

= [X]3o

19.Eva|uatef01 x(1 —x)Vdx

Solution:

| = folx(l — x)1%qx

= [, 1 =21 -1 -] dx
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= fol(l — x)x"° dx

= fol(xlo — x) dx

x1

1 1271
- [F_EO
1 1

11 12

1
132

dx

s
3
20. Evaluate f% o

Solution:

m/3 dx

- [ e ( [P Feodx = [ fla+b— x))

_(m/3 dx
|_fn/6 s (2)

Adding (1) and (2)

_ (m/3 Vsin x Vsin x
21 = fﬂ/6 (\/cos x+vVsinx ~ +/sin x++/cos x) dx

dx = [x]:

3
6

wl|S

= [;

o

w3

y
E N B N B N o

s
6
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21 = Z
6

T

|=—
12

21.Evaluate [ sin®x dx
Solution:
= [ <ind
ln = [ sin®x dx
1. n -1
I = —[sin" x.cos x]+ at lho (1)
n n
o [ sin®xdx =1
1. 4 :
= - Zlsin*x.cosx I+ I3 (when n=>5in )
1. . 4.1, 2 :
=-c [sin* x. cos x] 2 [- gsmzx.cosx ]+§ l; (when n=3inl)

4 4 |, 9 8
X. COS X —— sin“x.cosx +— 11 ...... ]
15 15 1 (1

. 1 .
[ sin®x dx = - < sin
l,= [ sin' x dx = - cosx + c
.5 1 . 4 4 . 8
& [ sin®xdx = - - sin® x. cos x - sin“x.cosx - - cos x + ¢

22. Evaluate [ sin®x dx
Solution:
l, = [ sin®x dx
1. . n1 n—1
|, = —;[smn X.cos X]+ — a2 e (1)
~ [ sin®xdx =g

1, . 5 .
lg = - g[smsx.cosx ]+g 4 (whenn=6inl)
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1. 5.1, 3 .
=-c sin° X. cos X +2 [- Zsm3x.cosx + I,] (when n=4in 1)

5

1. 5 . 5 .
= -2 sin” x. cosx-ﬁsm"’x.cosx 3 I, (when n=2inl)

5 5 . 3 5.1 . 1
X. COS X - — Sin"X.cosx += [-= sinx.cosx + — g
24 8" 2 2

1
=-=sin
6

lo= [ sin® x dx =x+c

5

[ sin®x dx = L 5in5 x. COS X - — SiN°X.COSX —= SINX.COSX + = X + C
"6 ' 24 ' 16~ 16

2n .
23. Evaluate [ sin® E dx

Solution:
Put t =
dx =4 dt
x O 21
t 0 m/2

2T . 9X _ 2T . 9
Jo sin® L dx=4 [ sin’ t dt
8 6 4 2
=4(5.7.7-3-1)
_ 512
"~ 315
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24. Evaluate fon/6 cos’3x dx

Solution:

Putt=3x
dx = = dt
3

x 0 m/6

t 0 m/2

/6 1 ,m/2
Jo " cos”3xdx =2 [  cos”t dt

2 .
25. Evaluate fon/ sin*x cos?x dx

Solution:

T2 . 4 2 _ (/2 . 4 )
Jo “sin*x cos®xdx= [ " sin*x (1 — sin®x) dx

= fO"/Z(sin4x — sin%x) dx

=f0”/2 sintx dx — fon/z s in®x) dx

3

1
T4 27

NS

N w
N
NS

5
27"
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32

26. Evaluate [ x3e?*dx
Solution:

Using Bernoulli’s formula
judv=uv—uv1 +u"v, ..

dv= e?* dx

fxderdx=(*)(5) - G () + 60 (5) - ©) (%)
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1
27.Evaluate [ x e™** dx

Solution:

Using Bernoulli’s formula

fudv=uv—uv1+u"vz

28. Evaluate [ sin* x dx
Solution:
[ sin* x dx =1,

1. . n1 n—1
l, = —[sin""x.cos x]+ — I,
n n

1. . 3 3
lg=- Z[sm X.COSX ]+Z P

1, . 1
I, = -5 [sin x. cos X] + lo
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Io=fctx=x
1.. 3 3 1. . 1
Iy = - —[sm X.COS X]+ —{—— [sm X. COSX] + —X}
4 4 2 2
1. 3 3 . 3
=-ZSII’1 X. COSX -g sSin XCOSX+§X+C

29. Evaluate [ cos®xdx
Solution:
[ cos®xdx = I
1

1 . n—1
I, = =[cos " x.sinx] + — |15
n n

1 4 . 4
s ==cos x.sinx+=13
5 5
1 2 . 2
I3 = Ecos X.Sin X +§ I

l, = [ cos dx = sin x

1 4 . 4 (1 2 . 2 .
Is = = COS X.sInx +-|(=-cos“x.sinx + 3 Sinx

51\3

-1cos4xsinx+ 4coszxsinx+ 8sinx+c
"5 . 15 . 15

30. Evaluate fon/z sin®x dx

Solution:

w/2 .
fo /% ginbx dx= lg

| =l nes 17 i nis even
n_ n .n_2 lllllllll 22

| 5 3 11r_51r

676 422 32
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31. Evaluate fon/z cos?x dx

Solution:

/2
fo /2 c0s%x dx = lg

n—-1 n-3 2 . .
| p=— . —— e, - lif nis odd
n n—2 3
8 6 4 2 128
lg==.—.=.=. ] =—
9°7'5"3 31

.”’32.Evaluatef0ﬂ/4 cos®2x dx

Solution:

Putt=2x
dt = 2 dx =>dx=d2—t

x 0 mw/4

t 0 m/2

7'[/4 8 l 77.'/2 8
Jo " cosP2xdx =2 [ cosPt dt
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33. Evaluate fon/6 sin’3x dx

Solution:

Put t=3x
dt = 3 dx =.>dx=‘;—t

x 0 m/6

t 0 m/2

/6 . 7 _1 /6 . 7
Jo ! sin3xdx = [ sin’t dt

34.Evaluate folx e™%* dx

Solution:

Using Bernoulli’s formula

judv=uv—uvl+u"vz
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1

fxe ax=[w (= )= ()],

1 3 _
== — —¢ 2
4 4

35.Find the area of the region bounded by the line 3x -2y + 6 =0,x=1,x=3
and x-axis.
Solution:

y
A

2

p

X
0 1 2 3

Since the line 3x —2y + 6 = 0 lies above the x-axis in the interval [1, 3],
(i.e., y>0forx €(1,3))

Required area = ffy dx = %ff(x +2) dx
_3 x2 3
=[5+ 2],

=2 e-n+26-1)|

=3(4+4)
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= 12 sq. units

36. Find the area of the region bounded by the line 3x -5y =15 =0, x = 1,x = 4 and x-axis.

Solution:
y
4 1 4
Z X
£
NY
o\
oS
Ve

The line 3x -5y —15 = 0 lies below the x-axis in the interval x=1and x =4
.".Required area = ff(—y) dx
= J;' - $(3x - 15) dx

=2 [(5 - x) dx

- 4
3 x2
= 3[sx -]
51 214

= %:5(4—1)— %(16—1)]

254

9 .
= ESQ' units.
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37. Find the area of the region bounded y = x*—5x + 4, x = 2, x = 3 and the x-axis.

Solution:

y
A

0 1\ 2 3 /4
14

o

For all x, 2 <x <3 the curve lies below the x-axis.
Required area = f23(—y) dx
:f23— (x> —5x + 4)dx
SERE)
- [(o-412) - (- 2+0)
<[]

13 .
== sq. units
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38. Find the area of the region bounded by y =2x + 1,y =3,y =5 and y — axis.

Solution :

Py
+

|
2

//D X

The line y = 2x + 1 lies to the right of y-axis between the lines

y=3andy=5.

. The required area A =[* x dy
= 5 (7) @
= [,y - Dy
=4 -]
=3G-2)-6-3)
=2 [8-2]

= 3 sg.nuits
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39. Find the area of the region boundedy =2x + 4,y =1 and y = 3 and y-axis

Solution:
r'y
™
*
Ve
':bl.
y=3
y =1
] ] X
32 10

The curve lies to the left of y-axis between the linesy=1andy =3
.".Required area A :ff(—x) dy
_ 3 y—4
=/ - (T) dy
1.3
_1 y27?
=l -
_1
=-[8-4]
= 2 sq.units

40.(i) Evaluate the integral fls(x —3)dx

(1 Find the area of the region bounded by the liney +3=x,x=1andx =5
Solution :

5

(i) fls(x —3)dx= [xz—z — Bx]1

=(5-15)-(G-3)
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(ii) The line y = x —3 crosses x-axis at x = 3

From the diagram it is clear that Allies below x-axis.

SAL= [P (=y)dx

As A2 lies above the x-axis

5
A2 :f3 y dx

5
-~ Totalarea = j (x — 3)dx
1

= [P —(x—3) dx+ [ (x — 3) dx
=(6-4)+(8-6)
=242
=4 sq.units ....(II)
Note:

From I and Il it is clear that the integral f(x) is not always imply an area. The
fundamental theorem asserts the anti-derivative method works even when the function
f(x) is not always positive
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41. Compute the area between the curve y = sin x and y = cosx and the lines x = 0
andx= =
Solution : To find the points of

intersection solve the two equations.

. 1
Smx=cosx=—=%

=

SINX=COSX=-—= —
y
&

%3.
11 24
)

w4 /2
i &

-1

From the figure we see that cos x > sin x for 0 <x <%and sin x > cos x for

T

—<x<T
4

Area A =f0n/4(cosx - sinx) dx + f:/4(sinx - cosx) dx

T

= (sinx + cosx)g + (sinx + cosx)7 4

= (sin =+ cos =) — (sin 0 — cos 0 ) + ( - cos T - sin T)- ( -Cos = — sin —
4 4 4 4

=(5 +35) - (04D +(1-0) = (55- )

=22 sg.units
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x2 2
42. Find the volume of the solid that results when the eIIipsea—2 + Z—z =1(@>b>0)

is revolved about the minor axis.
Solution :

2 2
Volume of the solid is obtained by revolving the right side of the curvez—2 + z—z =1

about the y-axis.
Limits for y is obtained by putting
x=0=y=b’2y=*b

y
A
b

-b

2
From the given curve x? :‘;—2 (b*y?)
..Volume is given by

V= fcd wy? dy
b a?
= [, oy (0*y) dy
3\ b

(-

0

4 . .
= ?”azb cubic units
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43.Find the volume of the solid generated when the region enclosed by
y =+/x,y =2and x = 0 is revolved about the y-axis.
Solution :
Since the solid is generated by revolving about the y-axis, rewrite
y=xas x =y

Taking the limits fory,y=0andy =2
(putting x = 0 in x = y?, we get y = 0)

Volume is given by V = fcd wy? dy
— (2 .4
- fo Ty dy
_ 51
B [ 5 ]0
= ?’ZT" cubic units.

44. Find the area of the region bounded by the line x -y = 1 and
(i) x-axis, x =2 and x = 4 (ii) x-axis,x=—2and x=0

Solution: x-}.ﬁ

The required area is bounded by the lines y
X-y=1=>y=x-1,x=2,x=4 and x- axis .

The area lies above x- axis ' x=4

Area = fab y dx /

—

=[x — 1) dx / W
2 4

= |5 - 4, /

=(7-9-(;-2)
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=4 sg. units
(i) The required area is bounded by the lines x -y =1, x = -2, x=0 and x-axis. Here the
area lies below x-axis
X-y=1l=>y=x-1
Area = f_OZ(—y )dx = fo_z y dx

=[x - Ddx

-4
= |— —-x
2 0

= (5 +2)-(0+0)

= 4 sg.units

45. Find the area of the region bounded by the line x —2y =12 = 0 and
(i) y-axis,y =2 and y =5 (ii) y-axis,y =-landy = -3
Solution:

(i)the required area is bounded by the lines

X—2y-12=0=>x = 2y-12 ,y=2,y=5and x-axis
The area lies right of y-axis

Area = fcd x dy

y=1

_ 5
= [,y + 12) dy o

0
_[, 22 :
_[2 4 12y]2 ]

V
= (25+ 60) — (4 + 24) ,ﬂf
§

= 57 sQ. units
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(i) The required area | bounded by the lines x-2y 12 =0, y= 3 y =- 1 and y-axis. This
area lies rlght of y-axis 5

Area= [(—x)dy = [ (~x)dy , o

. W
=/ ,Qy+ 12)dy +
_[7? -1 -
_[2?+ 12}7]_3 Oé/f’/— y=-1 >
=(1-12)—(9-36) ;//y:_;;

= 16 sg.units

46. Find the area of the region bounded by the line y = x =5 and the x-axis
between the ordinates x =3 and x = 7.
Solution:

The required area lies partially above x-axis and partially below x-axis. Therefore split
the area into two pieces.

One piece is bounded by the liney = x -5, x = 3, x = 5 and x-axis. But this area lies
below x-axis.

5
=~ Area of the part is f (—y) dx
3
Other piece is bounded by the liney =x -5, x =5, x = 7 and x-axis,. But this area lies

above x-axis.

7
=~ Area of this part is f y dx
5
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Sum of this two parts = [ (—x +5) dx + [ (x— 5) dx
-5 s -]
=[5+ 25)- (Z+15)] +[(T -35) - (3 - 25)]

= 4 sg.units
47. Find the area of the region bounded by x* = 36y, y-axis, y =2 and y = 4.
Solution:

The required area is bounded by the curve x = Gﬁ ,the linesy =2,y =4 and
y-axis. It lies right of y-axis.

N

Area A= [ x dy == 6y =

=f46\/§dy -
y=?

[ 3/2 / :

3/21, Ny

=6x3[y]

= 6[4 — /2] sq.units

48. Find the area included between the parabola y? = 4ax and its latus rectum.
Solution:
The area is twice the area bounded by the curve y = 2+/av/x , x = 0, x = a and x-axis.
[Since it is symmetrical about x-axis].

Required area = 2 [* yd gy
equired area =2 [ ydx 3 /

- 2 [f2vavE dx 4l

3/21%

3/21,

_4\/—[

......

= % [a’/2-0] . \
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8
= % Sq. units

49 . Find the area of the circle whose radius is a

Solution:

Take the centre of the circle as (0,0).the equation of the circle is x? + y? = g2

Since it is symmetrical about both axes, the required area is 4 times the area in the first
quadrant. The first quadrant area is bounded by the curve

€m'm“.|

y=Vva? — x?,x=0x=aand x-axis. / e
.. the required area = 4f0a ydx = 4f0“ Va?z = x2dx K

2 a
4 E\/a2 — x2 4+ a?sin‘1 (z)]
0

4{(0 + az—zsin‘ll ) - (0)}

(12 [

=4 (7 'E) = a? sq. units
50. Find the volume of the solid that results when the region enclosed by the
given curves:
(i).y=1+x?,x=1,x=2,y =0is revolved about the x-axis.
Solution:

The volume is obtained by revolving the area bounded by y = 1+x%, x=1,x=2,x-
axis about x-axis.

Required volume = nff y?dx
= nflz(l + x?)? dx

= nff(x”‘ +2x2% +1) dx

E N B N B N o
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) o)
(2]

178w

= —— cubic units.
15

(ii) 2ay? = x(x — a)? is revolved about x-axis , a>0.
Solution:

The curve is symmetric about x-axis and it passes through the origin. It cuts the x-axis at
x =0, x = a(twice). Clearly a loop is formed between x=0and x =a.as x— o0,y = +o0
.The required volume is obtained by, revolving the are bounded by the curve.

2ay? = x(x — a)?,x = 0 and x-axis, about x-axis Ay

.The required volume = nfoa y?dx
=
e

rtfoa i x(x—a)?dx 5 \\/\f x |

mwa . .
= — cubic units.
24

(ii). y = x3, x = 0, y = 1 is revolved about the y-axis.

Solution: A y= %
. 1
The required volume = 1t [ x* dy
//J‘} e
1 2 /’),}J
= T[fO y /3 dy /J/'
. 'f) L
y5/3 1
“TE ]
3o
57 | BHARATHIDHASANAR MATRIC HIGHER SEC MATHS 6 & 10 MARKS

y
E N B N B N o

O A O N N R e e



O e A O N R e R e e

3 . .
== cubic units.
2 2
. X . . .
(iv) =+ 3;—2 = 1is revolved about major axis a>b>0.
a

Solution:

The required volume is twice the volume obtained by revolving the area in the first

quadrant about x-axis . YA

The first quadrant area is bounded by the curve. ﬂ’% R

x2  y2 a4 _ . (/:”j > X |

a—2+b—2_1,x-0,x—aandx-aX|s. 7%3 o
\|

Since the area is revolving about x-axis (major axis),

The required volume = 2rtf0a y?dx

4 .
=5T ab? cub.units
i.e.,The volume obtained by revolving the ellipse about its major axis is

4 .
ST ab? cubic units
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(v) The area of the region bounded by the curve xy =1, x- axis, x=1 andx= o0
find the volume of the solid generated by revolving the area mentioned about x-axis.
Solution:

The required volume is obtained by revolving the area bounded by the curve xy=1. X =
+ oo and x-axis, about x-axis. L
|

.. Required volume = rtfloo y?dx

o 1

A
. |

=-m[0-1]

=1t cubic units.
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DIFFERENTIAL EQUATIONS

Six marks questions

1. Form the differential equation by eliminating arbitrary
constants given in brackets against y= Ae?* cos(3x+B) {A,B}
Solution:
e %% y= A cos(3x+B)
Differentiating twice we have
y e2%.2 72X y = -3A sin(3x+B)
2 e ¥y e 2y 4 472y — 2 72Xy = —94 cos(3x + B)
e 2 (y" + 4y -4y") = —9 A cosi{Bx+B)
y" + 4y -4y = —9[Ae?* cos(3x+B) ]
y' +4y-4y = -9y
y' —4y +13y=0
2. Find the differential equation of the family of straight lines y=mx +%
when
(i) misa parameters; (ii) a is a parameter; (iii) a, m is a parameters
Solution:

(i) mis a parameter

dy_

dx_m
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y =m
Y=y x+—
y
y - (¥)*x+a

(ii) a is a parameter

y =m

(iii) a, m both are parameters
y =m

y" =0

3. Find the differential equation that will represent the family of all
circles having centres on the x-axis and the radius is unity.

Solution :
(x —a)’+y?=1 ceeeeenenne(1)
(x-a) +vy y' =0
(x-a) =y y
(D) =>y*y?+y* =1
YO )+ 1=l
4. Form the differential equation form the equation is A x*+B y2=1
Solution :

AX® +By* =1 --+(1)
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Differentiating, 2Ax + 2Byy’ =0i.e.,, Ax +Byy’ =0---(2)
Differentiating again, A+ B (yy’ +y %) =0-(3)

Eliminating A and B between (1), (2) and (3) we get

x2 y? -1
X yy 0 =0
1 yy 492 0

=@y +yHx-y =0

5. Solve :Z—Z=1+x+y+xy
Solution : The given equation can be written in the form

= (LX) +y(L+)
L= (1+x) (1+y)

dy _
m— (1 + X)dX

Integrating, we have
2
log (1 +y) =x +x7 + ¢, which is the required solution.

6. Solve 3e*tany dx + (1 + €*) sec’y dy = 0
Solution :
The given equation can be written in the form

3e* sec?
+ =2 dy=0

1+eX tany
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Integrating, we have
3log(1+¢e)+logtany=logc
=log [tany (1 +€*)’] = log c

=(1 + e“)’tan y = ¢, which is the required solution

cdy o A=yAiq/0 _
7. Solve_. —t (—1_x2) =0
Solution :
The given equation can be written as

dy _  A-y* 1,2
dx - (1—x2)

dy _ dx
Vi1-y?2 V1—x2

Integrating, we have sin'y + sin "x = ¢
=sin T [x V1 —y2+yV1—x?]=c
x V1 — y2+y /1 — x2] = c is the required solution

8. Solve : V1 — y2dx % dy=0

Solution :
The given equation can be written as

-y
V1—y?2
Integrating, we have

L

X e*dx =
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xe*-[ e*dx = %f% where t = 1 —y* so that —2y dy = dt

1

1(t2
:>X€X_eX:5 <T> +C

2

= xe*-e'=+Vt+c
=x e*—*—/1 — y2 = ¢ which is the required solution.

9. Solve : x dy = (y + 4x°e*")dx
Solution :

x dy -y dx = 4x° e*" dx

XY _ gydex* dx

Integrating we have,

fxdyx—zydx :f 4x3 ex4dX

[d G) =[ et dtwhere t = x*

=Y = ot 4¢
X

ie.2 = e*' +c which is the required solution

X

10. Solve: (x*— y)dx + (y*— x) dy = 0, if it passes through the origin.
Solution :
(0= y)dx + (y*~ x)dy =0

x°dx + y°dy = xdy + ydx
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x2dx + y*dy = d(xy)
Integrating we have,
x3 )73

4+ =xy+
STt =Xxy+c

Since it passes through the origin, c =0
.".the required solution is
3 3
TH=xyorx +y’ =3xy
11. The normal lines to a given curve at each point (x, y) on the
curve pass through the point (2, 0). The curve passes through the point
(2, 3).Formulate the differential equation representing the problem and
hence find theequation of the curve.

Solution :
Slope of the normal at any point P(x, y) = - Z—;

Slope of the normal AP =2=2

x—2
=>X—2= =(2— x)dx

2 2
Integrating both sides,y? = 2x _% + ¢ (1)

Since the curve passes through (2, 3)

12. Solve:sec2x dy - sin5x sec?y dx = 0
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Solution:
The given equation can be written as

sec2x dy = sin5x sec?y dx

dy _ sinbx

secly "~ sec2x
cos?y dy= sin5x cos2x dx

Integrating we have

1+cos2y sin7x+sin3x
J——=dy=[ d

X +C

sin2 cos7x cos3x
=y + A + =C
2 7 3

13. Solve: cos? x dy + yet®™ dx=0
Solution:

The given equation can be written as

dy _etanx

— = dx

y  cos?x

dy tanx 2

S =-e .sec“x dx

Integrating we have

dey =- [ e sec?x dx

put t = tanx

dt = sec? x dx

tanx

logy + e =C
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14. Solve: (x?-y x2)dy +(y? +xy?)dx =0
Solution:
The given equation can be written as

x%(1 — y)dy + y? (1+x)dx =0

1-y (1+x _
2 dy +—-dx =0

Integrating we have
1 1 1 dx
fy—zdy-f;dy+fx—2dx+f7=c
logx—logy=$+ §+c

2 _ ()
y

X+y

x =cyelw)
15. Solve : y x2dx+ e dy =0
Solution:
The given equation can be written as
yx2d=-¢ ¥ dy

d
e*x2dx =- 73’

Integrating,

[ e*x%dx =—fd7y
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u= x?2 dv=e”* dx

u =2x, v= e*
u =2 vi= e*

vo= e*
Judv=uv—uv1+ U vy

e* (x? -2x+2) + log y=c
16. (x* +5x+7)dy +V9 + 8y — y? dx=0
Solution:

The given equation can be written as

dy _ —dx
V9+8y—y?2 " x2 +5x+7

Integrating,

dy _
f\/ [((y—4)? —16-9] J-( )2——+7+C

f\/SZ - 4)2 -[( +2)2+(_)2
sin 1(y 4) +\/3tan_1<\/_f> =c

2
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17. Solve: Z—i = sin(x +y)
Solution:
Put z=x+y

Differentiating w.r.to. x

dz dy

— =1
dx +dx
dy dz
dx  dx

The given equation becomes

dz
1+ sinz

= dx

1 —sinz

- = dx
1 — sin?z

Integrating,

[ 47 = [dx +c

COSZZ
[sec?zdz - [ tanz secz dz +c

tan(x + y) — sec(x+y)=x+c
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18. Solve: y dx+ xdy=e™ dx if it cuts the y-axis
Solution:
The given equation can be written as
d(xy) =e ™ dx
Integrating,
[ed(xy) =[dx +c
e =x+c
Since it the y — axis, put x = 0 the we obtainc =1

eV=x+1

Ay _y y
19. Solve it + tan (x)
Solution :

Puty = vx
L.HS. =v+ xZ—:; RHS.=v+tanv

. dv dx cosv
L.vH X—= v+ tan vor —=——dv
dx x  sinv

Integrating, we have logx = log sin v+ log ¢
=X=csinv

i.e., X =csin (X)
X
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20. Solve : xdy — ydx = x* + y* dx
Solution :
From the given equation we have

d +VxZ4y?
d_y — u(l)

X

Puty = vx

LHS. = v+ X2 RH.S.=
dx

v +V1+v2
1

dv dx dv
VEX—==V+ V1 +v2 of —=—;
dx X Vi+v

Integrating, we have,log x + logc = log [v + v* + 1]

i.e., Xc=v+ V1 + v2
= Xc=y +/(y’ +x)

2

21. Solve: < +I=X
dx X X
Solution:
dy _y* _y
dx  x?
puty = vx
dy dv
— = v+x—
dx dx
pxZ=p? .y
dx
v 2
xdx= ve -2V
dv dx
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dv _dx
v—1)2%2-12 x
L [(v_l)_l — logx + I
2 o9 v—1+1 - 1og% 0g¢
1l lv—zl_l l
2og > = logx + logc

log[l — %] = 2logcx

2x
1- == = ¢x?
y

(y-2x) = cx?y

Jdy  _ y(x—2y)
22.Solve: i = x(r 3y

Solution:
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1 3 dy — dx
(vz v) YT
Integrating,

1
—— — 3logv = logx + logc

%

1 3
—— = logv°xc

%

X _, 3
—— =log=c
y 9%z

3
Lc=e*l
X

y3 =cxZe */Y

23.(x* + y*)dy = xydx
Solution:

The given equation can be written as

dy  xy
dx  x% + y?
puty = vx
dy dv
R + x—
dx v xdx
VX T e
dv _ v
xdx_1+v2
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1+ v? dx
oy = ——
v X

(%+l)dv=-d—x
v v X

Integrating,

1
- st logv = —logx + logc

24, x? Z—y = y? + 2xy giventhat y = 1,whenx = 1

> =
Solution:

The given equation can be written as

dy _y2 + 2xy
dx  x2
puty = vx
dy dv
R + x—
dx v xdx
v+ x Z=p2 42y
dx

v _ 9

xdx = v°+v
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dv _dx "
v(v+1) «x e (1)
1 A B
=—+
viv+1l) v v+1
A=1B=-1;
1 1 dx
W=>(; — ) dv =
Integrating,

logv — log(v+ 1) =logx + logc

log[vv?] = logcx

y=cx(xty)  (v=7)

It passes through (1,1)
1=c(14+1) => c=%

The solution is 2y= x(x+y)

25. Find the equation of the curve passing through (1,0) and
which has slope 1+£ at (x,y)

Solution:

The given equation can be written as

dy y
w
dy x+y
dx  x
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puty = vx
dy dv
— = vV+x—
dx dx
v+ x & xdH)
dx X
v+ xZ =1+v
dx
dx
dv =—
X
Integrating,

v=Ilog x + log ¢
Y _ logcx
X

y=xlog cx
It is given that the curve passes through (1,0)
logc=0
c=e¥ => c=1
y=xlog x

26.Solve :Z—Z+ y cot X = 2 c0S X
Solution :
The given equation is of the formz—i'+ Py =Q.

This is linear in y.
Here P = cot x and Q = 2 cos X
|LF. = el Pdx
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— poJcot x dx
- eIog sin X

= sin X
.". The required solution is
y(LF)=[Q.(I.F)dx+c

=y (sinx) = [ 2 cosx sinx dx+ ¢

=ysinx= [ sin2x dx +c

. 2
=ysinx=—-—Z+¢

2

=2y sinx +cos2x =¢

27. Solve : (x + 1)% — y=e*(x + 1)
Solution :

The given equation can be written as
y _ Y _ ,x

dx x+1 € (X * 1)

This is linear iny.

Here | Pdx=—/ ﬁdx =—log (x + 1)

- 1
SolF. =g’ =gl = —

x+1
.".The required solution is

1 o 5 1
ym—fe(X'Fl)de*'C
= fe'dx+c

e, =e¢4¢c
x+1
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28. Solve :%+ 2y tan x = sin x

Solution :
This is linear iny.
Here § P dx = [ 2tanx dx = 2 log sec x

|E. = e j"PdX: e log se02x= SeCZX

The required solution is
y sec’x = f sec’x . sin x dx

= [ tan x sec x dx

= ysec’X = sec X +C Or y = CoS X + C Cos°X sec?x

29. So]ve:Z—z +y=x
Solution:
The given equation is linear in y
P=1 ,Q=x
LF.=elpdx
—el dx
—e*
The required solution is
ye* =[ xe*dx

= xe* -[e*dx
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=xe* —e*+c
ye* =e*(x-)+c
e*(yx+1)=c

Ay A ]
29. SO]V€. dx + xz +1 y - (X2+1)2

The given equation is linear in y

4x 1

P=x2 +1’ Qz(x2+1)2

I.F. =eJ pdx

2x
x2 +1

=e?2 [ dx

=elog (x% +1)?
—x? + 1)2
The required solution is

1
y.x?+ 1% -f I x? +1)%dx

y.x?+1)? —x +c

y.x?+1)%-x=c
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30. Solve: (1+x? )Z—i + 2xy = cosx
Solution:

The given equation can be written as

___+ —
1+2

14x2

2x

P — , Q: coSsx

14+x2 14+x2

L.F.=e/pdx
2x
:ef1+x2 dx
— elog (1+x2)
=1+x?

Required equation is

y(1+x% )= f 2(1+x ) dx

y (1+x% ) = sinx +c¢

Ly _
31. Solve: o txy=x

Solution:
The given equation is linear in y

P=x Q=x
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Required solution is

<2
yez =[xeC®")dx

32. Solve: (y - X)Z—z = q?
Solution:

The given equation can be written as

dx 1 1

— ==y — =X

dy a2 y a?

dx 1 1
—_— _x=_
dy -I_a2 azy
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This is linear in x

1 1
P=—= Q=3y

LF.= efpdx

—ewr W

—eW/a?
Required solution is

xe0/a? — faiz ye0/a® gy
put t=ai2y => dy=a’dt

xe0/2? = g2 [ tet dt
= a®(tet —e') +c
= a’et (t-1) +c

— q2eW/a® [% _ 1]

[x —a? (% — 1)]e0’/“2) =c

(x- y+a2)e(3’/“2) =c

x=y-a? + ce"0/a)
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33. Solve : (D*-13D + 12)y = e >
Solution :
The characteristic equation is p>~13p + 12 =0
=pP-12)(p-1)=0=p=12and 1
C.F.=Ae®+B¢

; P — 1 —2x
Particular integral P.I. = —————e

1

- —2x
T (2 —13(—+12 ¢

— 1 e—Zx
4+26+12

1 _
= — g 2X
42

The general solution isy = CF + PI
y = Ae'”+ B ¢" +$ e %%
34.Solve: (D? +7D+12)y =e%*
Solution:

The characteristic equation is p2+7p+12=0

(p+4) (p+3) =0

p=-4 and p=-3
CF=Ae " +Be™3*

1
Pl = g2x
D2 +7D+12

e2x
P.l.=
4414412

er

30
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The general solution is y=C.F.+P.I.
— —4x —3x ﬂ
y= Ae +Be + 20
35. Solve: (D2 - 2D+13)y=e~3*
Solution:
The characteristic equation is

P2- 4p+13 =0

__44V16-52
2

P

=2+ 3i
C.F. = e?*(A cos3x +B sin3x)

1 —
Pl=— e 3%
D% —4D+13

— 1 e—3x
9+12+13

1 _
= —p 3
34

The general solution is y=C.F. +P.I.
y = e?*(A cos3x +B sin3x) +$ e™3%
36.Solve: (D? + 14D + 49)y=e~7* +4
Solution:
The characteristic equation is
p?+14p+49=0
(p+7)? =0
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p=-7,-7
CF=(Ax+B)e 7*

1
Pl;= e 7*
1= D2314D +49

— 1 e /X
(D+7)2

x2

= —e
2

7x

1
P.I,= 4. e0*
2 D2+14D+49

4

T 49
The general solution is y= C.F. +P.I1 + PI>

2
_ —7x 4 X% -7x A
y=(Ax+B)e t—e g

37.Solve: (D2- 13D+12)y= e~%* + 5¢*
Solution:

The characteristic equation is

p2-13p+12 =0
(p-12)(p-1)=0
p=12,1

CF.=Ael?x £ Be*

1
Pl = e 2%
1 D2-13D+12
— 1 —2x
4426412
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e—2x

42

1
~ D2-13D+12

5e*

.
.y

1

=5 (D—12)(D-1) €

1
=5 (-11)(D-1) €

-5
=—xe”*
11

The general solution is y=C.F. + PI1 + Pl

—2x
e 5 x
42 11 xe

y= Ael?* + Be* +
38. Solve: (D?+1)y=0 when x=0, y=2 and when x= %,y= -2
Solution:
The characteristic equation is
p2+1=0
p=t1t
C.F.= A cos x+ B sin x
The solution is y= A cos x+ B sin x
When x=0,y=2 => A=2
When x= % y=-2 =>B=-2
The solution is y=2cosx-2sinx

y=2(cos Xx- sin x)
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39. Solve: (D%2+3D-4)y= x?
Solution:
The characteristic equation is
p2+3p-4=0
(p-1(p+4)=0

p=1,-4
CF.=Ae*+Be ™
Pl=co+c1x+c2x?
Pl is also solution
(D2+3D-4)(co+c1x+c2x2) =x?
2c2+ 3(c1+2c2x) - 4(co+ci1x+cox2)= x?2

2c2+3c1-4¢c0=0; 6C2-4c1=0; 4c2=1

e o L. _ -3 13
e T Y

[z 13
PI—4[X +2 42

The solution is y=CF+ PI

1

y= Ae*+Be " - -

243, 1
4345
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40. Solve: (D2-2D-3)y= sin x cos x
Solution:
The characteristic equation is
p2-2p-3=0
(p-3)(p+1)=0
P=3,-1

CF=Ae3*+ Be™*

Pl=

= sinx cosx
D2-2D-3

= L sin2x
© D2-2Dp-32

_ 1 [ ] sin2x
~ 21p2-2p-3
1 2

=-— sin2x
22D+7

1 2D-7 .
=-—— sin2x
2 4D2-49

=-. 21 _(2D-7) sin2x
2 —16—49

1 :
= E(Z.ZcostJstx)

_ 1

= T30 (4cos2x-7sin2x)

The general solution is y=CF +PI

y= Ae3*+Be ™, $(4c052x - 7sin2x)
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41. Solve: D2y= -9sin3x
Solution:
The characteristic equation is
p*=0
p= 0 (twice)
CF=(Ax +B)e%
= (Ax+B)

PI=— (-9 sin3x)
=-9 iz sin3x
D

= :—3 sin3x . ReplaceD? by - 32
=sin3x
The general solution is y=CF+ PI
y= ( Ax +B)+sin3x
42. Solve: (D2+5)y= cos?’x
Solution:
The characteristic equation is
p2+5=0
p=+/5

CF= A cosV5 x +B sinV5 x
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1

_ 2
Pl= PP (cos“x)
1 1+ cos2x
PI= D2+5( 2 )
_1 1 ox _1_ 1
Ph=-_7-¢ and Plz= - 7.5 COS2X
11
Pl1i= Sz
~ 10
Pl=~ 2
2= 5 7.5 COS2X
_1 1 2 by -22
PIz—2 vy COS2X Replace D2 by -2
= 2 cos2x

2

The general solution is y= CF + PI1+PI>

Y= A cosV5 x +B sinV5 x + %+%c052x

43. Solve: (D?+2D=3)y= sin2x
Solution:

The characteristic equation is
p?+2p+3=0

—24+V4-12
2

=-1+iV?2

CF = e (A cosV2x + B sinv2x)
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1 :
Pli= 53— 5 -SinZx
=— . sin2x Replace D2 by -22
—4+2D+3
= 42DD2+_11 sin2x Multiply and divide by 2D+1
= % sin2x Replace D? by -22

= % (4cos2x + sin2x)
The general solution is y=CF + PI
_ . 1 :
y= e *(AcosV2x + B sinV2x) - - (4cos2x + sin2x)

44, Solve: (3D2+4D+1)y=3 e ~*/3
Solution:

The characteristic equation is

3p2+4p+1=0
_ —4+V16-12
N 6

1
p= -1, 3

CF=Ae X +Be /3

3 e—x/3

1
Pli=
1= 3p24ap+1

— 1 —x/3

=3 (3D+1)(D+1) €

=3 11 e */3
3(D+3)(D+1)
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3 —x/3
=-=-Xe
2

The general solution is y= CF +PI
y=Ae ¥ +Be*/3 +%xe"‘/3

45.Solve ; (D* + 6D + 8)y = ¢ 2%

Solution :

The characteristic equation is p° + 6p + 8 =0
=p+4)(pt+2)=0

=p=—4and 2

The C.F. is Ae *+ Be ™

; P — 1 —2x
Particular integral P.l. =———e

3 1
"~ (D+4)(D+2)

e~2*  Sincef(D) = (D + 2) 6 (D))

- 1 —2x
—9(_2) Xe

—1xe_
2

2x

. . _ | 1 _
Hence the general solution is y = Ae ™ + Be 2X+E X e~ 2%

46. Solve : (D*-6D + 9)y = e*

Solution :
The characteristic equation is p>—6p + 9 =0
e, (p—3)7°=0
=p=3,3
The C.F. is (Ax + B)e*
- . _ 1 3x
Particular integral P.l. =———¢
_ 1 3
N
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ZEEG&
2

2
Hence the general solution is y = (Ax + B)e™ +—-e™

47.Solve : (2D*+ 5D + 2)y = e 2
Solution :

The characteristic equation is 2p*+5p +2 =0
. _—5+V25-16

4
_—543
= 4_1
p= 7 P= -2

CF=Aec7 +B e

1 —x
P.l.= ez
(2D2 +5D +2)
1 ~x
= e
2(D+3)(D+2)
1 —x
- X ez
-1
0(7)2
1=
=-X ez
3

. —x 1 =
The general solutionisy= Ae2 +Be?* + SX ez

48. Solve : (D*-4)y = sin 2x
Solution :
The characteristic equation is
p=4=0
=p=*x2
C.F.=Ae”+Be™

S S
P.l. = —5— sin2x

1 i
= SIN2x
—4—4
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1 .
= — sIn2Xx
-8

The general solutionisy = C.F. + P.l.
y = Ae®+ Be‘zx—% sin2x
49. Solve : (D°+ 4D + 13)y = cos 3x
Solution :
The characteristic equation is
p*+4p+13=0
_ —4+V16-52

-2+ i3
C.F. = e ®(A cos 3x + B sin 3x)

Pl = praprs €08 3X

1

= Srranrs 008 X

-2 COoS 3X
"~ 4D+4
(4D—4)

"~ (4D+4)(4D—4) cos 3x

__ (-

= 1607-16) cos 3X

_ (4D-4)
=~z C0S 3X

— 1 H
== (3 sin 3x + cos 3x)
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The general solutionisy = C.F. + P.I.
y = e—2x (A cos 3x + B sin 3x) +% (3 sin 3x + cos 3x)

50. Solve (D? + 9)y = sin 3x
Solution :
The characteristic equation is
p°+9=0

—p = £3i
C.F. = (A cos 3x + B sin 3x)

1.
P.l. = —55sIn 3X

=% cos 3x  since —— = X cos 3x
T 6 D2+a2  2a

Hence the solutionisy = C.F. + P.1.
i.e., y = (A cos 3x + B sin 3x) —%x cos 3x

51.Solve : (D*-3D + 2)y = x

Solution :

The characteristic equation is
p=3p+2=0
=(pP-1)(p-2)=0
p=1,2

The C.F. is (Ae*+ Be™)

Let P.l. = ¢y + CiX
.".Co + CyXx Is also a solution.
" (D*-3D + 2) (Co + C1X) = X
l.e., (-3c;+ 2 ¢p) + 2ciXx =X
=2c1=1

co=

175

(_3C1+ 2 Co) =0
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:>C0 =

3
4
. X
SR ==
2

+

SO w

Hence the general solutionisy = C.F. + P.1.

y = Ae*+ Bezx+§+2

52. Solve : (D*— 4D + 1)y = x°
Solution : The characteristic equation is

pP°—4p+1=0
—p = 4i\/f216—4
44243
T2
=2 +/3

C.F. = A e "/ Bel® /X

Let P.l. = ¢ + CiX + CoX°

But P.1. is also a solution.

".(D*4D + 1) (Co + Cix + CX° ) = X

i.e., (2c,—4cy + Cg) + (-8C, + o)X + Cox° = X°

c,=1

—8c,+¢c;=0=¢c; =8

2C,—4c, + Co = 0 =Cp = 30

P.l. = x* + 8x + 30.

Hence the general solution isy = C.F. + P.I.
y= A e? /¥4 Be@ /P4 + 8x + 30

53. The temperature T of a cooling object drops at a rate proportional to
the difference T —S, where S is constant temperature of surrounding
medium. If initially T = 150° C, find the temperature of the cooling
object at any time t.

Solution :
Let T be the temperature of the cooling object at any time t
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dr
- (;éT(T_S)]

ST =k (T-9)

=T -S = c e, where k is negative
=T =S+ ce"

Whent=0, T =150
—150=S+c=c=150-S

.". The temperature of the cooling object at any time is
T =S+ (150 —-S)e"

For two subdivisions -Each 3 marks

1. Form the differential equations by eliminating arbitrary
constants given in brackets against each

(i) y?=4ax; {a}
Solution:
y?2=4ax ... (D

Differentiating w.r.to x
ZyZ—i = 4a
Substituting in equation (1)
y2= 2y. Z—z X
y = ZX%

(ii)y=ax2+bx+c; {a b}
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Solution:
The equation contains two arbitrary constants
y=ax?+bx+c  ...... (D

Differentiating twice w.r.to x

Z_i’ =2ax +b = . (2)
dz_}Z’ 20 e (3)
dx
=>y'=xy +b
— y, _ Xyll

(1) => y=x* (%)+ x(y — xy ) +c
2

y= —x?y” +xy +c
ie, x2y — 2xy 4+2y—2c=0
(iii) Z—j + Z—i =1 {a, b}
Solution:
b?x%+a’y? = a?b?
Differentiating twice w.r.to. x
2b2x+2a2yy =0 ...(1).

b2x +azyy =0
b2 +a2(y )2 +ayy =0 ..(2)
b2 +a2(y +yy" )=0

Eliminating a2and b2 from(1) and (2) we get
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x o yy
1 y2+4yy

l =0
x(y*+yy')-yy =0

(iv) y= Ae?* +Be™*  {A, B}
Solution:

y=Ae?* +Be™>* ...(1)
Differentiating twice w.r.to. x
y' =2Ae®* - 5Be™>* _..(2)

y =4Ae?* + 25Be™* ...(3)

Eliminating A and B between (1), (2) and (3)

2x —5x

y e e
y' 2e2¥ —G5e75%| =(
y  4e?* 25e75%
y 1 1
p2x p—5x y' 2 —5| =0
y 4 25
y 1 1
y 2 =5/=0
y 4 25

y(50420) - ¥ (25 —4) +vy (-5-2)=0

y + 3y -10y=0
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(v) y= (A+Bx)e3* {AB}
Solution:
y= (A +B x)e3*
Differentiate twice to eliminate two arbitrary constants
y' = (A+Bx)3e3*+ ¢3* B
y' =3y + B e3*
=>y -3y =Be3* ..(1)
y =3y +3Be%*
=3y +3(y —3y) using(1)
y' =6y -9y
y — 6y +9y=0
(vi) y= e3*(C cos2x + D sin2x){C,D}
Solution:
y=e3*(C cos2x + D sin2x) ... (D
Differentiate twice to eliminate two arbitrary constants
ye 3* = C cos2x + D sin2x
ye 3% (=3) + e3* y' = —2C cos2x + 2D sin2x
e3* (y' —3y)=—-2Ccos2x + 2D sin2x
Once again differentiate w.r.to. x

(y -3y)-(y —3y)=-4e3*(C cos2x + D sin2x)
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y"'- 6y +9y=0
y -6y +13y=0

Ten marks questions

Solution:

Putz=x +y

SR

2 1Y
—1+dx

_dz 1

x dx

W=>z(F-1)=1

Q-lQ-
<

dz
72— =1+z2
dx
2
Z
> dz = dx
1+2z

2_
(1+z 21) dz = dx
14z

[(1- =5)dz = [dx+c

z-tan l(x +y) =c¢

y - tan_l(x + vy) = c(z=x+y)
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2. Solve: (x2+y?)dx+3xy dy =0
Solution:

The given equation can be written as

Do (B2 .

3xy

Put y=v x

%log(1+4v2) =-logx+logc
3log(1+4v?) + 8logx = log c
(1+4v?)3 x8=c

2
(1+ 4%) x8=c

(x2+4y?)3 x2=c
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dx X tan "1y
3. Solve: — + =
dy = 1+y2  1+y2

Solution:

The given equation is linear in x

tan 1y

Q_

1+y2 14y2
L.F.=e/Pdy
—eJ(1/1+y%)dy
=etan -1 y

The required solution is

-1
xtan~ly = f1+yy e Ydy ... (1).

putt=tan"ly

1
dt= 7 dy

(1) =>xtan™ly = [ teldt

=te' - [eldt
=tet -ef+c
=e’ (t-1)+c

xtan~ly =@ Y(tan"ly — 1)+c
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Y Y o2
4, Solve.dX to = sin(x*)
Solution:

The given equation is linear in y

P= i Q= sin(x?)

LF.= efpdx
_ plydx
_plogx
=X
Required solution is
y.x =[ sin(x?) x dx
put t= x?
d t=2xdx
y.x =[ sint dt

1
= - cost +C
! 2
=-7COSX +cC

2xy+ cos x%=c
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5. Solve: dx+ x dy =e™”
Solution:

The given equation can written as

dx _ 2
— 4+ x= e Vsec
dy + y

The is linear in x

P=1 Q=e Ysec’y

LF. = e/ pdx
—eldy
—eV

Required solution is

x e¥=[ e Vsec?ye” dy
= [ sec’y dy

xel = tany +c¢

6. Show that the equation of the curve whose slope at any point is
equal to y+2x and which passes through the origin is y= 2(e*-x-1)

Solution:

This is linear in y
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P=-1 Q=2x
LF.=ef —dx
—e X
Required solution is
ye *=[e *.2xdx
=2{[-xe™*] — [ —e " dx} +c
=-2xe * 42 [e ™ dx +c
ye *=-2xe™* — 2e7* +c
But the curve passes through (0,0)
0=-2+c
c=2
ye ™ =-2xe ™ — 2e7* 42

y=2(e*-x-1)
2
7. Solve : 3732/ - 3y +2y =2e3* when x=log2, y=0 and when x=0, y=0

Solution:
The characteristic equation is
P2-3p+2=0
(p-2)(p-1)=0
P=2,1
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C.F.= Ae®* +B e~

1
Pl= — 2e3%
D#—-3D+2

1
=2. e3x
9—9+2

=e3x

The general solution is y= CF + PI
y = Ae?* +B e*+e3*
8. Solve: (D?-6D+9)y =x + e?*
Solution:
The characteristic equation is
p?-6p+9=0
(p-3)*=0

p=3,3

p=3(twice)
C.F.= (A +Bx)e3*
Pli= co+cix
(D?-6D+9)(co+c1x)=x
s —6Cc1 +9(cp + ¢1x) =X

Equating coefficient of x and constant term

c1= g - 6¢14+9¢o=0
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6(3)+ 9co =0

C_z
0= %7

X 2
th—6'+E;

1
Pl,=— e’
D+“—-6D+9

The general solution is y=C.F +PI1 +PI:

y= (A +Bx)e’ +(3 +% )+ e

9. Solve: (D? —1)y= cos2x - 2sin2x
Solution:
The characteristic equation is
p?-1=0

p=%1
CF=Ae*+Be™

1

Pli= D71

(cos2x)

= ﬁ (cos2x) Replace D% by -22

1
= - : COS2X
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1

Pl,= D71

(-2sin2x)
=-2 ﬁ (sin2x) Replace D? by -22

2 .
== sin2x

The general equation is y=CF + PI1+PI:
y=Ae*+Be™ - % CoS2X + ?2 sin2x

10. Radium disappears at a rate proportional to the amount present.
If 5% of the original amount disappears in 50 years, how much will
remain at the end of 100 years.[Take Ao be the initial amount].

Solution:

Let A be the amount of radium at time t

A
dat &

dA
dt

A= cekt

kA

At t=0, A=Ao
~ Ay = ce’
A = AO ekt

But 5% of the original amount disappears in 50 years

When t=50, A=0.954,
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~ 0.954, = Aye°%k
e°%k=0.95

Again, when t =100
A= A06100k

A= Aoe(SOk)Z

=A, (0.95)2
=0.9025A4,

The amount of radium that remains at the end of 100 years is
0.90254,

11. The sum of Rs. 1000 is compounded continuously, the nominal
rate of interest being four percent per annum. In how many years
will the amount be amount be twice the original principal?

Solution:

Let Abe the principal time t

A
dat &

dA

— =kA
dt

dA
P = 0.04t, since k = 0.04

A= CeO.O4t

When t=0, A=1000
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1000= ce®

c=1000
~A=1000 e0.04t
when A=2000, t=?
2000= 1000 %04t

log 2
0.04

=

_0.6931
T 0.04

= 17 years(app.)

12. A cup of coffee at temperature 100°C is placed in a room whose
temperatureis 15°C and it cools to 60°C in 5 minutes. Find its
temperature after a further interval of 5 minutes.

Solution:
Let T be the temperature of the coffee at any time t

By Newton’s law of cooling,

dT
EC{(T—S)
dT
E= k(T—S)

(T-S)=ceX* => T= 15+ ce’* since S=15°C
When t=0,T=100 => ¢c=85
» T =15+ 85ekt
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When t=5, T=60
60= 15+85¢e°k

5k__ 45
et =—
85

When t=10, T=?

T= 15+ 85 10k
_ 45,2
=15+ 85 (&)
= 38.82°C

13. The rate at which the population of a city increases at any time is
proportional to the population at that time. If there were 1,30,000
people in the city in 1960 and 1,60,000 in 1990 what population
may be anticipated in 2020

16
llog(l—g) = 0.2070;e%%? = 1.52

Solution:

Let A be the population at time t

dA
T aA
dA
@ kA

A= cekt

Take the year 1960 as the initial time t=0
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When t=0, A=1,30,000

130000= ce’

C=130000

~ A =130000e*t

When the year 1990 i.e.,, when t=30, A=1,60,000
1,60000=130000e3%

30k _ 16
13

When the year2020 i.e.,, when t=60, A=?
A=130000 0k

16
— —\2
=130000(57)
~ 197000

The approximate population in 2020 is 197000.

14. A radioactive substance disintegration at a rate proportional to
its mass. When its mass is 10 mgm, the rate of disintegration is
0.051mgm per day. How long will it take for the mass to be reduced
from 10 mgm to 5 mgm.(log2 =0.6931)

Solution:

Let A be the amount of mass at time t

dA
EaA
dA
EzkA
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A= cekt

When t=0,A=10 => c=10
A= 10 e*t

. dA
Again il kA
It is given that when A=10, Z—‘: = —0.051 [ since disintegration]

-0.051 =10k =>k=-0.0051
A= 108_0'0051t
When A=5

5=10e~ 0.0051¢

1
—=e 0.0051¢

27— £0.0051¢

log 2=0.0051t
__log 2
= D001
~ 136 days

The radioactive substance disintegrates 10 mgm to 5 mgm is
136 days

15. In a certain chemical reaction the rate of conversion of a substance at
time t is proportional to the quantity of the substance still untransformed
at that instant. At the end of one hour, 60 grams remain and at the end of
4 hours 21 grams. How many grams of the substance was there initially?
Solution :

Let A be the substance at time t

dA

dt aA =dA

dt = kA =A = ce"

Whent=1, A =60 =ce*= 60 ---(1)
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When t = 4, A = 21 =ce *=21 --(2)
(1) =c’e*=60"(3)

(3)-.3 _60*_, | _ i
o) © =57—¢=85.15 (by using log)

Initially i.e., when t=0, A =c =85.15 gms (app.)
Hence initially there was 85.15 gms (approximately) of the substance

16. A bank pays interest by continuous compounding, that is by treating
the interest rate as the instantaneous rate of change of principal. Suppose
In an account interest accrues at 8% per year compounded continuously.
Calculate the percentage increase in such an account over one year.
[Take e%~1.0833]
Solution : Let A be the principal at time t
dA
dt A =dA
dt = kA =dA
dt =0.08 A, since k = 0.08
:>A(t) — CeO.OSt

A(1) -A(0)

Percentage increase in 1 year = A(0)

:(% — 1)x100

=(= 1) x100

c
=8.33%
Percentage increases is 8.33%
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